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[Sie88]. , Riemann ,
Riemann . 3 Riemann 1 .
$x,$ $u\in \mathbb{C}$ 2 .
$F(x, u)=f_{d}(u)x^{d}+f_{d-1}(u)x^{d-1}+\cdots+f_{0}(u)$ (1)
$F(x, u)$ , $x$ , $u$ , $\{f_{i}(u)\}_{i=0}^{d}$ $u$ .
, $F(x, u)$ $x$ $d$ , $D$ . , $\mathcal{K}$ $\mathbb{C}$
, $\mathbb{C}$ $C=\{(x, u)\in \mathbb{C}^{2}|F(x, u)=$
$0\}$ . , $F\in \mathcal{K}[x, u]$ $x$
. $a\in \mathbb{C}$ , 1 $F(x, a)=0$
$\backslash$ $(i.e$ $f_{d}()$
$11)$
$i^{\wedge\backslash \ovalbox{\tt\small REJECT}^{\wedge}}\backslash \backslash /\searrow^{t^{\}}l:^{-\ovalbox{\tt\small REJECT}_{-=}^{t}}\ovalbox{\tt\small REJECT}_{\{}’\theta’\phi\backslash -$
,
$d$ $x(a)=\{b\in \mathbb{C}|F(b, a)=0\}$
, $a\in \mathbb{C}$ (regular point) . ,
$c$ , , $c\in \mathbb{C}$
$F(x, c)=0$ , $c\in \mathbb{C}$
(critical point ) [Pot07]. 1: 3 $q)$ Riemann
, $C$ 2
, [SW91].
$C=C_{0}arrow C_{1}T_{1}arrow T_{2}...arrow C_{n}\tau_{n}$ (2)
, $T_{j}$ $C_{j-1}$ $C_{j}$ 2 . $C_{j}$ $d_{j},$ $C_{j}$
$N_{j}$ , $c$ $r_{c}$ . , $\{Cj\}_{j=1}^{p}$ ,
$P=\{c_{1}, \ldots, c_{p}\}\cup N(c_{1})\cup\cdots\cup N(c_{p})$ . , $N(cj)$ $|$ 2 $c_{j}$
. , $g$ [SW91].
$g= \frac{1}{2}\{(d-1)(d-2)-\sum_{c\in P}r_{c}(r_{c}-1)\}$ (3)




, Riemann . Monodromy
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, Galois Abel ,
[DP08, DHOI]. Hoeij
Riemann Monodromy





Hoeij Poteaux [Pot07, PR08].
, $a\in \mathbb{C}$ $C$ . $a$
$F(x, a)=0$ $d$ $\{x_{i}\}_{i=1}^{d}$ . $C$
[Pot07]. , $F(X_{i}(u), u)=0$ $d$ $\{X_{i}\}_{i=1}^{d}$ ,
$a$ $X_{i}(a)=x_{i}$ . $a$
$\gamma$ : $[0,1]arrow \mathbb{C}$ , $d$ $\{X_{i}\}_{i=1}^{d}$ $\gamma$
. $t$ 1 , $\gamma(t)$ $a$ , $\{X_{i}(\gamma(t))\}_{i=1}^{d}$ $a$
.
$X_{i}(\gamma(t))arrow x_{\sigma(i)}=X_{\sigma(i)}(r)$ (4)
$\{$ 1, $\ldots,$ $d\}$ $\sigma$ . , $F$ $p$ $\{$cj $\}_{j=1}^{p}$
, $\mathbb{C}$ $\{Cj\}_{j=1}^{p}$ $a$ $S_{d}$




. Monodromy , $\mathcal{M}$ . Monodromy $\mathcal{M}$ ,
. , Monodromy
[Pot07]. $a$ 1 $Cj$ ( 2) .
$F$ $a$ , $\sigma j=\Psi(\gamma j)$
( 2). $\sigma j$ , $Cj$ (branch point) .
$\{Cj\}_{j=1}^{p}$ $\{\gamma j\}_{j}^{p}=1$ , $\{Cj\}_{j=1}^{p}$
$\{\sigma j\}_{j=1}^{p}$ . Monodromy $\mathcal{M}$ , $\{\sigma j\}_{j}^{p}=1$












Hensel , Puiseux ,
[SS96, IS04, PR08]. ,
,
. Hensel Riemann Shiihara
[SS96, IS04]. Hensel .
$F(x, u)=x^{3}-u^{7}+2u^{3}x$ (6)
Hoeij [DHOI] , 6 .
$\{\begin{array}{l}c_{1}=-0.31969\cdots-0.98392\cdots i, c_{2}=0.83697\cdots-0.60810\cdots i, c_{3}=-1.03456\cdots,(7)c_{4}=0, c_{5}=0.83697\cdots+0.60810\cdots i, c_{6}=-0.31969\cdots+0.98392\cdotsi\end{array}$
, c4 Hensel
. Hensel , [SK99] .
Puiseux (Hensel ) .
$\{\begin{array}{l}x_{1}(u) = \frac{1}{2}u^{4} \frac{1}{16}u^{9}+\cdots,x_{2}(u) = -\frac{1}{4}u^{4}+\frac{1}{64}u^{9}+i(\sqrt{2}u^{3/2}+\frac{3}{32}\sqrt{2}u^{13/2})+\cdots,x_{3}(u) = -\frac{1}{4}u^{4}+\frac{1}{64}u^{9}-i(\sqrt{2}u^{3/2}+\frac{3}{32}\sqrt{2}u^{13/2})+\cdots\end{array}$ (8)
(8) ,
, Hensel
. (8) , $c_{4}$ ,
. Shiihara Smith





. Hoeij , $a$ $\{Cj\}_{j=1}^{p}$
, $\arg(cj-a)$ (





$a$ $\{Cj\}_{j=1}^{p}$ , $\{b_{i}\}_{l=1}^{q}$ .
4 3 homotopic .
5 Hensel
, Hensel . Hensel ,
Hensel , 1999 Sasaki, Kako
[SK99] . , 2 .




, $\mu/d=\tilde{\mu}/\tilde{d}$ $gcd(\tilde{\mu},\tilde{d})=1$ $\tilde{\mu},\tilde{d}\in$





. , Newton $F\equiv F_{New}$ $(mod I_{1})$
. Newton $F_{New}$
. 5: $(e_{x}, e_{u})$- $F_{New}$
$\{\begin{array}{ll}F_{New}(x, u)=G_{1}^{(0)}(x, u)\cdots G_{r}^{(0)}(x, u) (r\geq 2)gcd(G_{i}^{(0)}, G_{j}^{(0)})=1 (i\neq j)\end{array}$ (9)
, ,
.
, $r\leq 2$ . Newton (9) $G_{1}^{(0)},$ $\ldots,$ $G_{r}^{(0)}$
, Euclid , $W_{1}^{(l)},$ $\ldots,$ $W_{r}^{(l)}$ .
$W_{1}^{(l)} \frac{Fr_{\backslash ew}(x,u)}{G_{1}^{(0)}(x,u)}+\cdots+W_{r}^{(l)}\frac{F_{New}(x,u)}{G_{r}^{(0)}(x,u)}=x^{l}$ $(l<d)$ , $\deg_{x}(W_{i}^{l})<\deg_{x}(G_{i}^{0})$ $(i=1, \ldots, r)$
(10)
$W_{1}^{(l)},$
$\ldots$ , $W_{r}^{(l)}$ Moses-Yun . Moses-Yun Newton
. Moses-Yun , $F(x, y)$ $G_{1}^{(k)},$ $\ldots,$ $G_{r}^{(k)}(k=$
$0,1,$ $\cdots,$ $k)$ . , Newton $k$
$\delta F^{(k)}\equiv F-G_{1}^{(k-1)}\cdots G_{r}^{(k-1)}$ $(mod I_{k+1})$ (11)
36
,$\delta F^{(k)}=\delta f_{n-1}^{(k)}x^{n-1}+\cdots+\delta f_{0}^{(k)}x^{0}$ (12)
. $G_{i}^{(k)}$
$G_{i}^{(k+1)}=G_{i}^{(k)}+ \sum_{l=0}^{d-1}\delta f_{l}^{(k)}W_{i}^{(l)}$ , $(i=1, \ldots, r)$ (13)
, $k$
$G_{1}^{(k)}(x, u)\cdots G_{r}^{(k)}(x, u)\equiv F(x, u)$ $(mod I_{k+1})$ (14)
. $karrow\infty$ ,
$G_{1}^{(\infty)}(x, u)\cdots G_{r}^{(\infty)}(x, u)=F(x, u)$ (15)
, $F(x, u)$ . $G_{i}^{(k)}(x, u)$ $G_{i}^{(\infty)}(x, u)$ Hensel .
6
, $C$ Monodromy . Hoeij
(6) . $\sigma$ Hensel . ,
. , $F(x, u)$ $u$ $\{Cj\}_{j=1}^{p}$ ,
$a$ . Hoeij $a=-1.44838\cdots$
, [SS96].
$D(u)=$ Resultant$u(F(x, u),$ $\frac{\partial F(x,u)}{\partial x})$ (16)
(7) ( 6). $a$ .
(7) $\arg(cj-a)$ . 6 $c_{1}$
, $c_{6}$ . $c_{3}$ $c_{4}$ .
, $c_{3}$ .
. $a$ $\{Cj\}_{j=1}^{6}$ 1 $a$ 6
. $c_{3}$ , $c_{3}$ $\gamma s$
. , $c_{3}$
. , $b_{l}$ .
, Hensel ,
. , Hensel Puiseux ,
Durand-Kemer , .
, $\{\gamma j\}_{j=1}^{6}$ homotopic
. , 6 $c_{6}=-0.31969\cdots+0.98392\cdots i$
. $c_{6}$ Hensel
$\{h_{k}\}_{k=1}^{3}$ 7 . $c_{6}$ , $a$ .
, $a$ $c_{3}$ , $c_{3}$
37
6: 7: $c_{6}$
$c_{6}$ $c_{6}$ . 7 ,
$\{h_{k}\}_{k=1}^{3}$ , $h_{62}$ $h_{63}$ . ,




Hoeij [DHOI]. $\infty$ $u=\infty$ ,
, .
$\sigma_{\infty}0\sigma_{p}0\sigma_{p-1^{O}}$ ... $\sigma_{1}=1$ (17)









[DP08] B. Deconinck and M. S. Pattarson, Computing Abel map, Physica $D,$ $237$ (2008), 3214-
3232.
[DHOI] B. Deconinck and M. V. Hoeij, Computing Riemann matrices of algebraic curves, Phys-
ica $D$, 152/153 (2001), 28-46.
[IS04] D. Inaba. T. Sasaki, Certification of analytic continuation of algebraic function, Proc.
$CASC’ 04$ (Computer Algebra in Scientific Computation), V. G. Ganzha, E. W. Mayr and
E. V. Vorozhtsov (Eds.), Technishe Universit\"at M\"unchen Press, (2004), 249-260.
[IS07] D. Inaba, T. Sasaki, A numerical study of extended Hensel series, Proc. of $SNC’ 07$ (Sym-
bolic Numeric Computation), London, Ontario, Canada, ACM Press, New York (2007),
103-109.
[Pot07] A. Poteaux, Computing monodromy groups defined by plane algebraic curves, Proc.
of $SNC’ 07$ (Symbolic Numeric Computation), London, Ontario, Canada, ACM Press, New
York (2007), 36-45.
[PR08] A. Poteaux and M. Rybowicz, Good reduction of Puiseux series and complexity of the
Newton-Puiseux algorithm over finite fields, Proc. ISSAC’08 (Intern’l. Symp. on Symbolic
and Algebraic Computation), ACM Press, New York, NY (2008), 239-246.
[Shi97] K. Shiihara, , ,
No 986, (1997), 105-109.
[Sie88] C. L. Siegel, Topics in complex function theory $I,$ $\Pi,$ $III$, Wiley-Interscience, New York,
(1988).
[SK99] T. Sasaki and F. Kako, Solving multivariate algebraic equation by Hensel construction,
Japan J. Indus. Appl. Math., 16 (1999), 257-285.
[SS96] K. Shiihara and T. Sasaki, Analytic continuation and Riemann surface determination of
algebraic functions by computer, Japan J. Indust. Appl. Math., 13 (1996), 107-116.
[SW91] J. Sendra and F. Winkler, Symbolic parametrization of curves, J. Symb. Comp., 12
(1991), 607-631.
[SY98] T. Sasaki and S. Yamaguchi, An analysis of cancellation error in multivariate Hensel
Construction with floating-point number arithmetic, Proc. ISSAC’98 (Intern’l. Symp. $on$
Symbolic and Algebraic Computation), O. Gloor (Ed.), ACM Press, New York, NY (2008),
1-8.
[TSOO] A. Terui and T. Sasaki, “Approximate zero-points” of real univariate polynomial with
large error terms, J. of IPSJ (Information Processing Society of Japan), 41 (2000), 974-989.
39
